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Abstract

The entropy generation for a fully developed turbulent ¯uid ¯ow in a smooth duct subjected to constant wall
temperature is investigated analytically. The temperature dependence of the viscosity is taken into consideration in

the analysis. The ratio of the pumping power to the total heat ¯ux decreases considerably when ¯uid is heated and
the entropy generation per unit heat ¯ux attains a minimum along the duct length for viscous ¯uids. The results
corresponding to the temperature dependent and constant viscosity cases are compared. It is found that constant

viscosity assumption may yield a considerable amount of deviation in entropy generation and pumping power
results from those of the temperature dependent viscosity cases, especially when highly viscous ¯uids are
considered. # 2000 Elsevier Science Ltd. All rights reserved.

1. Introduction

Heat transfer and ¯uid pumping power in a heat

exchanger are strongly dependent upon the type of
¯uid ¯owing through the heat exchanger. It is import-
ant to know the ¯uid properties and their dependence

to temperature for a heat exchanger analysis. The tem-
perature changes in the direction of ¯ow and the ¯uid
properties are a�ected. The temperature variation

across the individual ¯ow passages in¯uences the vel-
ocity and temperature pro®les, and thereby in¯uences
the friction factor and the convective heat transfer
coe�cient [1]. If the thermo-physical properties of the

¯uids in a heat exchanger vary substantially with tem-
perature, the velocity and the temperature pro®les
become interrelated and, thus, the heat transfer is

a�ected. Viscosity of a ¯uid is one of the properties

which is most sensitive to temperature. In the majority

of cases, viscosity becomes the only property which

may have considerable e�ect (more than the e�ect of

thermal conductivity) on the heat transfer and tem-

perature variation and therefore temperature depen-

dence of other thermo-physical properties is often

negligible. Heat ¯ux and temperature di�erences in

many heat exchangers are considerably large, and the

viscosity of working ¯uids varies signi®cantly as a

function of temperature. For example, when the tem-

perature is increased from 20 to 808C, the viscosity of

engine oil decreases 24 times, the viscosity of water

decreases 2.7 times and the viscosity of air increases

1.4 times. Therefore, selection of the type of ¯uid and

the range of operating temperatures are very important

in the design and performance calculations of a heat

exchanger.

On the other hand, the irreversibilities associated

with ¯uid ¯ow through a duct are usually related to

heat transfer and viscous friction. The contributions of

various mechanisms and design features on the di�er-
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ent irreversibility terms often compete with one

another [2]. Therefore, there may exist an optimal ther-

modynamic design which minimizes the amount of

entropy generation. For a given thermodynamic sys-

tem, a set of thermodynamic parameters which opti-

mize operating conditions could be obtained.

Dependence of viscosity on the temperature a�ects not

only the viscous friction and pressure drop, but also

the heat transfer. This implies that the irreversibilities

associated with the heat transfer and viscous friction

are also a�ected.

Bejan [3,4] outlined the second-law analysis in heat

transfer and thermal design in detail. He presented the

basic steps for the procedure of entropy generation

minimization at the system-component level. Nag and

Mukherjee [5] studied the thermodynamic optimization

of convective heat transfer through a duct with con-

stant wall temperature. In their study, they plotted the

variation of entropy generation with the di�erence of

bulk ¯ow inlet and the surface temperatures using a

duty parameter. In the case they considered, the duty

parameter was also a function of this temperature

di�erence through the heat transfer. They studied the

e�ect of the inlet and the wall temperature di�erence

for small values of this temperature di�erence.

Heat transfer enhancement techniques that are used

to increase the rate of heat transfer are known to

increase the friction factor. Minimization of the total
entropy generation for two typical heat transfer

enhancement problems related to the variation of heat
transfer area and the variation of temperature di�er-
ence, was studied by Perez-Blanco [6].

In a recent study, Sahin [7] studied the entropy gen-
eration in a laminar viscous ¯ow through a duct with
constant wall temperature. He showed that there could
be an optimum size of heat exchanger and/or inlet

temperature of ¯uid for which the total irreversibility
due to heat transfer and pressure drop becomes the
minimum. Thus, as an extension to Sahin's work [7],

the e�ect of temperature dependent viscosity during a
heating process in a turbulent ¯ow has been investi-
gated in this work for a more accurate determination

of entropy generation and required pumping power.
The in¯uence of the viscosity variation on the heat
transfer coe�cient and friction factor was considered.
Results for the case of constant viscosity assumption

were also included for comparison.

2. Viscosity dependence on temperature

It is evident from experiments that the viscosity of
liquids varies considerably with temperature. Around
room temperature (293 K), for instance, a 1% change

Nomenclature

b dimensional constant in Eq. (15)
B constant in Eq. (19)
Cp speci®c heat capacity (J/kg K)

D diameter (m)
Ec Eckert number [U

- 2/CpTw]
f friction factor

h
-

average heat transfer coe�cient (W/m2 K)
h
-
c.p. constant property average heat transfer

coe�cient (W/m2 K)

k thermal conductivity (W/m K)
L length of the duct (m)
m
.

mass ¯ow rate (kg/s)
n constant in Eq. (19)

Nu average Nusselt number [h
-
D/k ]

P pressure (N/m2)
Pr pumping power to heat transfer rate ratio

Q
.

total heat transfer rate (W)
Re Reynolds number [rU-D/m ]
s entropy (J/kg K)

S
.
gen entropy generation (W/K)

St Stanton number [h
-
/(rU-Cp)]

T temperature (K)

To inlet ¯uid temperature (K)
Tref reference temperature (=293 K)

Tw wall temperature of the duct (K)
U
-

¯uid bulk velocity (m/s)
x axial distance (m)

DT increase of ¯uid temperature (K)
m viscosity (N/s m2)
mb viscosity of ¯uid at bulk temperature (N/s

m2)
mref viscosity of ¯uid at reference temperature

(N/s m2)

mw viscosity of ¯uid at wall temperature (N/s
m2)

l dimensionless axial distance [L/D ]
P1 modi®ed Stanton number [Stl ]
P2 dimensionless group [ f

-
Ec/St ]

c dimensionless entropy generation [S
.
gen/[Q

.
/

(TwÿTo)]]

c ' modi®ed dimensionless entropy generation
[S
.
gen/(Q

.
/DT )]

r density (kg/m3)

t dimensionless inlet wall-to-¯uid tempera-
ture di�erence [(TwÿTo)/Tw]

y dimensionless temperature [(TÿTw)/

(ToÿTw)]
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in temperature produces a 7% change in the viscosity
of water and approximately a 26% change in the vis-

cosity of glycerol [8].
For the ®rst approximation, the variation of vis-

cosity with temperature can be assumed to be linear,

m�T � � mref ÿ b�Tÿ Tref� �1�
where b is a ¯uid dependent dimensional constant and
Tref is a reference temperature of 293 K. This would be

a reasonable approximation if the variation of the bulk
temperature is small. However, for highly viscous
liquids the variation of viscosity with temperature is

exponential and a more accurate empirical correlation
of liquid viscosity with the temperature is given by
Sherman [8] as

m�T � � mref

�
T

Tref

�n

exp

�
B

�
1

T
ÿ 1

Tref

��
�2�

where n and B are ¯uid dependent constant par-

ameters. In the present work, both the linear and the
exponential viscosity models were used. In addition a
constant viscosity model (in which the numerical value

of viscosity at an average bulk temperature is taken as
constant) is also included in order to see the signi®-
cance of the variation of viscosity on the results.

3. Temperature variation along the duct

Let us consider the constant cross-sectional area duct

shown in Fig. 1. The surface temperature of the duct is
kept constant at Tw. An incompressible viscous ¯uid
with mass ¯ow rate, m

.
, and inlet temperature, To enters

the duct of length L. The density r, thermal conduc-
tivity k, and speci®c heat Cp of the ¯uid are assumed
to be constant within the range of temperatures con-

sidered in this study (Table 1). Heat transfer to the bulk
of the ¯uid occurs through the average heat transfer
coe�cient, h

-
, which is not constant but is a function of

the viscosity variation. The e�ect of viscosity on the
average heat transfer coe�cient is given by [9]:

�h

�hc:p:

� Nu

Nuc:p:

�
� mb

mw

�n

�3�

where the exponent n is equal to 0.11 for heating and
0.25 for cooling. For a fully developed turbulent ¯ow,

h
-
c.p. is given by Gnielinski Eq. [10]:

�hc:p: � k

D
Nuc:p: � k

D

� �f=8��Reÿ 1000�Pr
1� 12:7�Pr2=3 ÿ 1�

�������
�f=8

q : �4�

On the other hand, the average Darcy friction factor,
f
-
, for this smooth duct is also considered to be a func-
tion of temperature dependent viscosity and is given

by [9]:

�f

�fc:p:
�
� mb

mw

�ÿ0:25
�5�

where the friction factor for constant properties is
given by [10]:

�fc:p: � �0:79 ln�Re� ÿ 1:64�ÿ2: �6�

To account for the variation of the bulk temperature
along the duct length, mb and therefore Re and Pr, in

Eqs. (3) and (6), are related to the bulk ¯uid tempera-
ture halfway between the inlet and outlet of the duct,
as suggested by Kreith and Bohn [11]. Since the tem-
perature variation along the duct is initially unknown

and depends on h
-
, a trial and error procedure is fol-

lowed to determine both h
-
and f

-
.

The rate of heat transfer to the ¯uid inside the con-

trol volume shown in Fig. 1 is

d _Q � _mCp dT � �hpD�Tw ÿ T �dx �7�

where

Table 1

Thermophysical properties and parameters used

Water Glycerol

b (N s/m2 K) 8.9438� 10ÿ6 0.0182

B 4700 23100

Cp (J/kg K) 4182 2428

D (m) 0.1 1.0

k (W/m K) 0.6 0.264

n 8.9 52.4

Tref (K) 293 293

Tw (K) 373 373

U
-
(m/s) 0.02 10

mref (N s/m2) 9.93� 10ÿ4 1.48

P1 0.0ÿ0.8 0.0ÿ0.8
r (kg/m3) 998.2 1260

t 0.0ÿ0.25 0.0ÿ0.25
Fig. 1. Schematic view of duct.
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_m � r �U
pD2

4
:

It should be noted that in writing Eq. (7), the duct is
assumed to have a circular cross section, however the

analysis is not a�ected assuming cross sectional areas
other than circular.
Integrating Eq. (7), the bulk temperature variation

of the ¯uid along the duct can be obtained as:

T � Tw ÿ �Tw ÿ To� exp

"
ÿ 4 �h

r �UDCp

x

#
: �8�

The temperature variation along the duct approaches

the duct wall temperature exponentially assuming a
uniform heat transfer coe�cient evaluated at the bulk
temperature halfway between the inlet and outlet of

the duct.
Eq. (8) can be re-written as:

y � exp

�
ÿ 4

St

D
x

�
�9�

where y is the dimensionless temperature de®ned as,

y � Tÿ Tw

To ÿ Tw

and St is the Stanton number de®ned as

St �
�h

r �UCp

:

4. The total entropy generation

The total entropy generation within the control

volume in Fig. 1 can be written as:

d _Sgen � _m dsÿ d _Q

Tw

�10�

where, for an incompressible ¯uid,

ds � Cp dT

T
ÿ dP

rT
:

Substituting Eq. (7) in Eq. (10), the total entropy gen-

eration becomes

d _Sgen � _mCp

�
Tw ÿ T

TTw

dTÿ 1

rCpT
dP

�
: �11�

The pressure drop in Eq. (11) is given by Kreith and
Bohn [11]

dP � ÿ
�fr �U

2

2D
dx: �12�

Integrating Eq. (11) along the duct length, L, using
Eqs. (8) and (12), the total entropy generation is

obtained as

_Sgen � _mCp

�
ln

�
1ÿ teÿ4Stl

1ÿ t

�
ÿ t�1ÿ eÿ4Stl�

� 1

8
�f
Ec

St
ln

�
e4Stl ÿ t
1ÿ t

��
�13�

where t is the dimensionless temperature di�erence

t � Tw ÿ To

Tw

,

l is the dimensionless length of duct

l � L

D
,

and Ec is the Eckert number de®ned as

Ec �
�U
2

CpTw

:

The total rate of heat transfer to the ¯uid is obtained

by integrating Eq. (7) along the duct length and can be
written as:

_Q � _mCp�Tw ÿ To��1ÿ eÿ4Stl�: �14�

Now de®ning a dimensionless entropy generation as:

c �
_Sgen

_Q=�Tw ÿ To�

Eq. (13) can be written as

c � 1

1ÿ eÿ4Stl

�
ln

�
1ÿ teÿ4Stl

1ÿ t

�
ÿ t�1ÿ eÿ4Stl�

� 1

8
�f
Ec

St
ln

�
e4Stl ÿ t
1ÿ t

��
: �15�

Therefore, two dimensionless groups naturally arise in
Eq. (15) in fully developed turbulent ¯ow as:

P1 � Stl �16�

and

P2 � �f
Ec

St
: �17�

Thus Eq. (15) can be written in a compact form for
the constant viscosity assumption as:
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c � 1

1ÿ eÿ4P1

�
ln

�
1ÿ teÿ4P1

1ÿ t

�
ÿ t�1ÿ eÿ4P1 �

� 1

8
P2 ln

�
e4P1 ÿ t
1ÿ t

��
�18�

which is a function of three nondimensional par-
ameters, namely t, P1 and P2. Among these par-
ameters, t represents the ¯uid inlet temperature To and

P1 represents the duct length L. Once the type of the
¯uid and the mass ¯ow rate are ®xed, the parameter
P2 can be calculated based on temperature analysis.
Thus, t and P1 are the two design parameters that can

be varied for determining the e�ects of duct length
and/or inlet ¯uid temperature on the entropy gener-
ation.

It should be noted that the dimensionless entropy
generation, c, in the above analysis is a function of
the total heat transfer rate, Q

.
, which in turn depends

on the length of the duct and inlet ¯uid temperature.
However, a modi®ed dimensionless entropy generation
can be de®ned on the basis of unit heat capacity rate

of ¯uid in the duct as:

c 0 �
_Sgen

_mCp

�
_Sgen

� _Q=DT � �19�

where DT is the increase of the bulk temperature of
the ¯uid in the duct, DT=T(L )ÿTo. Noting that Q

.
/

DT=m
.
Cp is constant for ®xed mass ¯ow rate and

c 0 � �1ÿ eÿ4P1 �c: �20�
c ' indicating the total entropy generation along the
duct, is expected to increase with the increase in duct

length.

5. Pumping power to heat transfer rate ratio

The pumping power to heat transfer rate ratio is

Pr � �pD
2=4� �U

_Q
DP: �21�

Using Eqs. (12) and (14), the pumping power to heat

transfer rate ratio, Pr for fully developed turbulent

Fig. 2. Dimensionless entropy generation, c, vs modi®ed in Stanton number, P1, for water and glycerol with three cases of vis-

cosity dependence (e�ect of viscosity variation with temperature for water is negligible). t=0.214.
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¯ow is obtained as

Pr � 1

2

P1P2

t�1ÿ eÿ4P1 � : �22�

6. Discussion

The primary concern in a heat exchanger design is
the amount of heat transfer. However, the second law
e�ciency can be very low during the heat exchange
process, because of the large amount of entropy gener-

ation. This needs to be minimized for e�cient utiliz-
ation of energy. Thus, entropy generation per unit
amount of heat transfer is considered to be a suitable

quantity in dealing with the second law analysis of a
duct. In the present analysis this ratio is represented
by the dimensionless entropy generation, c, de®ned as

the entropy generation per unit heat transfer rate for a
speci®ed duct inlet and wall temperatures.
In order to show the e�ect of viscosity on the total

entropy generation, two incompressible ¯uids, namely

water and glycerol were selected. The parameters and

the thermophysical properties used in the numerical

example are given in Table 1. The wall temperature,

the velocity of the incompressible ¯uid, and the cross

sectional area of the duct were ®xed. The length of the

duct and the inlet ¯uid temperature are left as vari-

ables to be studied. During the computations, Re num-

bers were calculated to make sure that fully developed

turbulent ¯ow is maintained within the range of par-

ameters used. The convergence criterion used during

the evaluation of viscosity dependent heat transfer

coe�cient h
-
and friction factor f

-
through Eqs. (3) and

(8) is v(TkÿTk ÿ 1)v < E, where E=0.1 K and k is the

iteration counter.

Fig. 2 shows the variation of dimensionless entropy

generation, c, vs modi®ed Stanton number, P1, for

water and glycerol with three cases of viscosity depen-

dence. Since the viscosity of water is low, the three

curves corresponding to constant, linear, and variable

viscosity dependence on temperature are essentially the

same. This means that the last term in Eq. (18) is neg-

Fig. 3. Modi®ed dimensionless entropy generation, c ', vs modi®ed Stanton number, P1, for water and glycerol with three cases of

viscosity dependence (e�ect of viscosity variation with temperature for water is negligible). t=0.214.
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ligible for water. For glycerol, however, the e�ect of
the assumed variation of viscosity on c, is apparent as
shown in Fig. 2. The dimensionless entropy generation,
c, calculated based on the constant viscosity assump-

tion, yields considerably higher values than those cal-
culated for temperature dependent viscosity. Since P1

represents the length of the duct, the dimensionless

entropy generation de®ned on the basis of total heat
transfer rate to the duct, c, decreases initially and then
starts increasing along the duct length. The rate of

increase in entropy generation approaches a constant
value as the total heat transfer rate to the ¯uid
approaches its maximum value of

_Qmax � _mCp�Tw ÿ To�:

For long ducts where eÿ4P1<<1 and e4P1>>t, it can be
shown from Eq. (18) that the entropy generation
increases linearly with the slope

dc
dP1
� P2

2

for the case of constant viscosity.
Fig. 3 shows the modi®ed dimensionless entropy

generation de®ned based on the unit heat capacity rate

along the duct, c ', as a function of modi®ed Stanton
number, P1, for water and glycerol for the three cases
of viscosity dependence. The e�ect of viscosity is negli-

gible in the case of water. However apparent in the
case of glycerol as shown in Fig. 3, c ' adds up along
the duct length and shows an increase in general. As in
the case of c, the assumption of constant viscosity

yields considerably higher values of c ' compared with
those for temperature dependent viscosity. c ' and c
di�er only for small values of P1. For large values of

P1, c '=c as can be seen from Eq. (20).
Variation of the pumping power to heat transfer

rate ratio, Pr, with P1 is shown in Fig. 4 for water

and glycerol. In both cases, the constant viscosity
assumption yields unreasonably high pumping power
ratios as expected. Due to an increase in the bulk tem-

Fig. 4. Pumping power to heat transfer rate ratio, Pr vs modi®ed Stanton number, P1, for water and glycerol with three cases of

viscosity dependence. t=0.214.
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perature and a decrease in viscosity, the pumping

power to heat transfer rate ratio may decrease initially
and then increase, as the total heat transfer rate to the
¯uid decreases as the bulk temperature approaches the

wall temperature as P1 is increased. For large values
of P1 and constant viscosity, it can be shown from Eq.
(22) that the pumping ratio, Pr, increases linearly with
the slope

dPr

dP1
� P2

2t
:

For small values of P1 the e�ect of the viscosity vari-

ation is small and in the limit,

lim P14 0Pr � P2

8t

which is clearly a function of the ¯uid viscosity.
The variation of the dimensionless entropy gener-

ation, c with dimensionless inlet wall-to-¯uid tempera-
ture di�erence, t, is shown in Fig. 5 for water and
glycerol with the three cases of viscosity dependence.

Since the viscosity of water is low, the three curves

corresponding to constant, linear, and variable vis-
cosity dependence on temperature, are essentially the
same as those mentioned above. The e�ect of the

assumed variation of viscosity on c is apparent in the
case of glycerol. The dimensionless entropy generation,
c, calculated based on the constant viscosity assump-
tion yields considerably higher values than those calcu-

lated for temperature dependent viscosity Ð especially
for large values of t. Since t represents the di�erence
between the temperature of the duct surface and that

of the inlet ¯uid, the dimensionless entropy generation
de®ned on the basis of total heat transfer rate to the
duct, c, increases as t increases due to the increase in

the gap between the bulk and wall temperatures. For
small values of t, the total entropy generation is due
to the viscous friction; and in the limit when t=0, the

total dimensionless entropy change using Eq. (18)
becomes:

c � 1

2

P1P2

1ÿ eÿ4P1
:

Fig. 5. Dimensionless entropy generation, c, vs dimensionless inlet wall-to-¯uid temperature di�erence, t, for water and glycerol

with three cases of viscosity dependence (e�ect of viscosity variation with temperature for water is negligible). P1=0.8.
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The modi®ed dimensionless entropy generation

de®ned, based on the unit heat capacity rate through
the duct, c ', shows similar behaviour to that of c.
This was expected since c ' and c are related through a
constant factor of (1ÿeÿ4P1 � as given in Eq. (20).

Fig. 6 shows the variation of the pumping power to
heat transfer rate ratio, Pr, with respect to the dimen-
sionless inlet wall-to-¯uid temperature di�erence, t, for
water and glycerol. As noted above, the constant vis-
cosity assumption yields higher pumping power ratios
in both cases, especially for higher values of t in which

case the viscosity variation is considerable.

7. Conclusions

An analytical study has been performed to investi-
gate the entropy generation for a turbulent viscous

¯ow in a duct subjected to constant wall temperature.
The entropy generation was found to be a function of
three dimensionless numbers, namely P1, P2 and t.

Entropy generation per unit amount of heat transfer,

c, decreases initially and then increases along the duct
length. However, the pumping power ratio, Pr, for vis-
cous ¯uids decreases due to the decrease in viscosity. It
was found that entropy generation, c, increased with

the increase in the dimensionless temperature di�erence
between the inlet ¯uid and surface temperature, t.
However, the pumping power ratio decreased with an

increasing t.
Constant viscosity assumption yields unreasonably

higher values of entropy generation for viscous ¯uids

such as glycerol. In the case of water, the viscosity
variation is small, therefore the constant viscosity
model gives reasonably accurate values of entropy gen-

eration. However, the pumping power results are more
sensitive to viscosity dependence on the temperature.
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